Abstract. An abelian extension of the special orthogonal Lie algebra D n is a nonsemisimple Lie algebra D n V , where V is a finite-dimensional representation of D n , with the understanding that [V, V ] = 0. We determine all abelian extensions of D n that may be embedded into the exceptional Lie algebra E n+1 , n = 5, 6, and 7. We then classify these embeddings, up to inner automorphism. As an application, we also consider the restrictions of irreducible representations of E n+1 to D n V , and discuss which of these restrictions are or are not indecomposable.
Introduction
Let V be a finite-dimensional representation of the orthogonal Lie algebra D n . Then, we may define an abelian extension of D n by D n V : The representation action of D n on V defines a multiplication between elements of D n and V , and V is regarded as an abelian algebra: [V, V ] = 0.
In this article, we determine all abelian extensions of D n that may be embedded into the exceptional Lie algebra E n+1 , n = 5, 6, and 7 (Section 6). We then classify these embeddings, up to inner automorphism (Section 7). As an application, we also consider the restrictions to D n V of irreducible representations of E n+1 , for each abelian extension and each embedding (Section 8).
We begin in Section 2 with motivation. Section 3 records relevant information about the objects of study in this article: D n and E n+1 , n = 5, 6, 7. Section 4 presents pertinent notation and terminology. In Section 5 we describe the classification of embeddings of D n into E n+1 , up to inner automorphism, which will be employed in the following sections.
Motivation
The examination of embeddings of semisimple Lie algebras into complex semisimple Lie algebras is an interesting, important, and widely studied problem. The foundational work of Dynkin [6] is perhaps the most widely cited. Dynkin's work [6] , together with a recent article by Minchenko [12] , classifies the semisimple subalgebras of the exceptional Lie algebras, up to inner automorphism. From a classification of subalgebras, one may obtain a classification of embeddings in a straightforward manner. In particular, a subalgebra g ′ of g naturally corresponds to one embedding, and may (or may not) correspond to more inequivalent embeddings if g ′ has outer automorphisms. The current paper extends previous research by the likes of Dynkin and Minchenko by considering embeddings of nonsemisimple Lie algebras into exceptional Lie algebras. It also extends and generalizes previous work of Douglas and Repka, which examined specific important examples of embeddings of nonsemisimple Lie algebras into classical Lie algebras.
For instance, in [5] , the authors classified the embeddings of the Euclidean algebra e(3) ∼ = so(3, C) C 3 into so(5, C), up to inner automorphism. As another example, the authors classified the embeddings of e(3) into sl(4, C), up to inner automorphism [3] .
Little is known about the indecomposable representations of abelian extensions D n V . The current research promises to shed some light on the representation theory of these nonsemisimple Lie algebras. In particular, as an application of the above mentioned classification, the authors will examine the irreducible representations of E n+1 restricted to D n V , for each embedding and each abelian extension.
The authors have employed this technique in previous research. In [5] , for instance, Douglas and Repka showed that each irreducible representation of B 2 remains indecomposable upon restriction to e(3) ∼ = so(3, C) C 3 with respect to any embedding of e(3) into B 2 , hence creating a large family of indecomposable e(3)-representations. In [3] and [4] Douglas and Repka examined the irreducible representations of A 3 restricted to e(3) with respect to any embedding; these e(3)-representations were generally not indecomposable.
The Lie algebras D n and E n+1
The special orthogonal algebra D n is the Lie algebra of complex 2n × 2n matrices N satisfying N tr = −N. The dimension of D n is 2n 2 − n and its rank is n. The Lie group corresponding to D n arises naturally as the symmetry group of a real projective space over R.
Besides the classical Lie algebras, which include D n , there are five exceptional Lie algebras, three of which are E 6 , E 7 , and E 8 . These exceptional Lie algebras were first explicitly constructed by Cartan in his 1894 thesis, although their existence was proposed several years earlier by Wilhelm Killing [1] .
Like D n , the exceptional Lie algebras E 6 , E 7 , and E 8 have a close connection to the Riemannian geometry of projective spaces (for details, we refer the reader to [1] ). The algebras E 6 , E 7 , and E 8 have ranks 6, 7, and 8, and dimensions 78, 133, and 248, respectively.
Let g denote D n , E 6 , E 7 , or E 8 . Let k = n, 6, 7, or 8 for D n , E 6 , E 7 , or E 8 , respectively. We may define g by a set of generators {H i , X i , Y i } 1≤i≤k together with the Chevalley-Serre relations [9] :
where 1 ≤ i, j ≤ k, and M g is the Cartan matrix of g (see [9] ). The X i , for 1 ≤ i ≤ k, correspond to the simple roots.
There are numerous calculations throughout this article involving products of elements of E n+1 , n = 5, 6, 7. These calculations may be carried out with the Chevalley-Serre relations (1), or, more efficiently, using the computer algebra system GAP [8] .
The Dynkin diagrams of D n , E 6 , E 7 , and E 8 , indicating the numbering of simple roots, are given in Figure 1 . For future reference, we also list in Table 1 the maximal dimension of an abelian subalgebra of E 6 , E 7 , and E 8 from [11] . Table 1 . Maximal abelian subalgebras of E 6 , E 7 , and E 8 . [11] Exceptional Lie Algebra Maximal Dimension of Abelian Subalgebra
We now consider the representations of g = D n or E n+1 , with k as above.
For i = 1, ..., k, and h the Cartan subalgebra of g with basis
fundamental weights, and their indexing corresponds with that of the Dynkin diagram of type D n , E 6 , E 7 , or E 8 , respectively, in Figure 1 .
, with nonnegative integers m 1 , ..., m k , there exists a finite-dimensional, irreducible g-module with highest weight λ, denoted V g (λ), and every finite-dimensional irreducible g-module is of this form, for some λ. 
The representation V g (λ) is realized as the quotient of U(g) by the left ideal, J λ , generated by
, 1 ≤ i ≤ k (here the action of U(g) on itself and on V g (λ) is given by left multiplication). We will denote the element 1 + J λ of the quotient V g (λ) by u. Then one can show that V g (λ) is generated by
Additional definitions and notation
The following definitions and notation will be used in this article. In the definitions, let g and g ′ be simple Lie algebras.
• Let X a i correspond to a simple root of E n+1 , for 1 ≤ a i ≤ n + 1, where n = 5, 6, or 7. We then define
Y a 1 ,a 2 ,a 3 ,...,a k is defined analogously.
• Let ϕ : D n ֒→ E n+1 be an embedding, and let W ∈ E n+1 . Then, we define [W ] ϕ(Dn) to be the D n -representation generated by W with respect to the adjoint action of ϕ(D n ).
is the subalgebra of E n+1 generated by W 1 ,...,W m .
• Let V be a finite-dimensional representation of D n . Then, a lift of the embedding ϕ :
• Let ϕ and ̺ be Lie algebra embeddings of g ′ into g. Then ϕ and ̺ are equivalent if there is an inner automorphism ρ : g → g such that ϕ = ρ • ̺, and we write
Hence, our classification in this article is up to equivalence.
• Two embeddings ϕ and ̺ of g ′ into g are linearly equivalent if for any finite-dimensional representation V of g, V | ϕ(g ′ ) and V | ̺(g ′ ) are isomorphic representations of g ′ , and we write
Clearly equivalence implies linear equivalence, but the converse is not in general true. We define equivalence of subalgebras much as we did for embeddings.
• Two subalgebras g ′ and g ′′ of g are equivalent if there is an inner automorphism ρ or g such that ρ(g ′ ) = g ′′ .
• A subalgebra of g is regular if it is normalized by a Cartan subalgebra of g.
Embeddings of D n into E n+1
In this section we describe the classification of embeddings of D n into E n+1 , up to equivalence, which is given in Theorem 5.4. We begin by constructing two embeddings of D n into E n+1 .
With respect to the generators defined in Section 3, we may "naturally" embed D n into E n+1 for n = 5, 6, or 7 as follows:
Each of these embeddings may be visualized as arising from a "natural" subgraph of the Dynkin diagram of E n+1 , for n = 5, 6, or 7, which is isomorphic to the Dynkin diagram of D n (see Figure 1) .
Consider the transposition σ = (n − 1, n) of the symmetric group S n , and define an outer automorphism of D n as follows:
The outer automorphisms of D n correspond to the automorphisms of its Dynkin diagram [ [7] , Proposition D.40], so that ρ n is the only outer automorphism of D n , n > 4, up to inner automorphism.
Using the above outer automorphism of D n , define a second embedding of D n into E n+1 :
The two embeddings ϕ n and ̺ n are the basis of the classification of embeddings of D n into E n+1 . The classification is a consequence of the following three theorems.
Theorem 5.1. [6, 12] There is a unique D n subalgebra inside E n+1 , up to equivalence, for n = 5, 6, and 7. Further, in each case, the subalgebra is regular.
Theorem 5.2 ([12], Theorem 2)
. Let ϕ and ̺ be embeddings of D n into E n+1 , for n = 5, 6, and 7, then
Interestingly, Theorem 5.2, from [12] , is stronger than a corresponding result found in Dynkin's classic paper [[6] , Theorem 1.3]. In [6] , one needs to consider V E n+1 (λ n+1 ), and V E n+1 (λ 1 ), for n = 6, 7, to establish linear equivalence. Note that Theorem 5.2, although found in [12] , is attributed to Losev [10] .
Theorem 5.3 ([12], Theorem 3). Let ϕ and ̺ be embeddings of the simple Lie algebra g
′ into the simple Lie algebra g such that ϕ(g ′ ) and ̺(g ′ ) are regular subalgebras. Then Proof. We first show that ϕ n : D n ֒→ E n+1 and ̺ n : D n ֒→ E n+1 are equivalent if and only if n = 7. Consider the following decompositions.
.
, and hence
Also,
Finally,
2), and hence, by Theorem 5.3,
Since, by Theorem 5.1, there is only one D n subalgebra in E n+1 , up to equivalence, the only possible embedding inequivalent to ϕ n is formed from composing ϕ n with an outer automorphism of D n , of which there is only one for n > 4, namely ρ n [7] . In other words, the only possible embedding inequivalent to ϕ n is ̺ n . The result then follows from Eqs. (9), (11), and (13).
Abelian extensions of D n in E n+1
In this section we determine the abelian extensions of D n that may be embedded into E n+1 , n = 5, 6, 7. The results are summarized in Propositions 6.3, 6.6, and 6.9.
6.1. Abelian extensions of D 7 in E 8 . We begin by calculating the decomposition of E 8 with respect to the adjoint action of ϕ 7 (D 7 ): 
Note that
Since ϕ 7 is the only embedding of D 7 into E 8 , up to equivalence (Theorem 5.4), determining which abelian extensions of D 7 may be embedded into E 8 amounts to determining which
in Eq. (14), or direct sums of these subspaces, are abelian subalgebras of E 8 . 
Eq. (18) together with the Jacobi identity imply
. We have
is not abelian. In a similar manner, we show
are not abelian subalgebras of E 8 by Table 1 
Note the following isomorphisms of ϕ(D 7 )-modules:
on C 14 by matrix multiplication. We shall write C 14 to refer to this irrep, and C to refer to the trivial irrep V D 7 (0). Lemmas 6.1 and 6.2 then give the following proposition. 5,4,3,2,4,5,6,1,3,4,5,2,4,3,1 ,
Since ϕ 6 and ̺ 6 are the only embeddings of D 6 into E 7 , up to equivalence (Theorem 5.4), determining which abelian extensions of D 6 may be embedded into E 7 amounts to determining which E 7 -subspaces in Eq. (23) For α, β, γ ∈ C, not all zero, note the following isomorphisms: (27) [αY
Lemma 6.4 and 6.5 then give us the following proposition.
Proposition 6.6. The only abelian extension of D 6 that may be embedded into E 7 is the following: (29) 
Since ϕ 5 and ̺ 5 are the only embeddings of D 5 into E 6 , up to equivalence (Theorem 5.4), determining which abelian extensions of D 5 may be embedded into E 6 amounts to determining which E 6 -subspaces in Eq. (29) The proofs of the following two lemmas proceed as in the above subsections and are omitted. 
Classifying the embeddings of the abelian extensions of D n into E n+1
In this section, we classify, up to inner automorphism, the embeddings identified in Section 6 of each abelian extension of D n that may be embedded into E n+1 . The classifications are summarized in Theorems 7.4, 7.7, and 7.10. 7.1. Embeddings of the abelian extensions of D 7 into E 8 . We begin by constructing lifts of the natural embedding ϕ 7 to D 7 C 14 , and to D 7 C. Let u be a highest weight vector of the
Then, a lift of ϕ 7 to D 7 C 14 is uniquely determined by its evaluation on u. By Proposition 6.3, the following then define all possible lifts of the embedding ϕ 7 to D 7 C 14 for each α ∈ C * :
(35)
Similarly, the following defines all possible lifts of the embedding ϕ 7 to D 7 C for each α ∈ C * . Here u is any nonzero vector in V D 7 (0) ∼ = C, necessarily of highest weight. Proof. By way of contradiction, suppose ϕ 7
The automorphism ρ must send highest weight vectors to highest weight vectors of equal weight with respect to the adjoint action of ϕ(D 7 ), hence
for some α, β ∈ C * . Eq. (38) yields
Hence, β = 1 so that ρ(H) = H. Eq. (37) then yields
a contradiction to ρ being a Lie algebra homomorphism. Proof. For β ∈ C * , define an inner automorphism ρ β : E 8 → E 8 as follows: Proof. Let ϕ 7 0,α ∼ ϕ 7 0,β , and let ρ be an automorphism of E 8 such that ρ • ϕ 7 0,α = ϕ 7 0,β , which implies
Since ρ is a Lie algebra homomorphism, and ρ( 
The automorphism ρ must send highest weight vectors, with respect to the adjoint action of ϕ 7 (D 7 ), to highest weight vectors of the same weight. Hence, there is a γ ∈ C * such that
Using Eq. (44),
Since ρ is a Lie algebra homomorphism, Eq. (46) implies Remark 7.5. The Euclidean algebra e(n) of isometries of n-dimensional Euclidean space is defined as e(n) ∼ = so(n, C) C n . We thus have e(14) ∼ = D 7 C 14 . Hence, one consequence of Theorem 7.4 is a classification of the embeddings of the Euclidean algebra e(14) into E 8 , up to equivalence. 
Embeddings of the abelian extensions of D 6 into E 7 . We begin by constructing lifts of the embeddings ϕ 6 : D 6 ֒→ E 7 and ̺ 6 :
By Proposition 6.6, the following then define all possible lifts of the embeddings ϕ 6 and ̺ 6 to D 6 C, for α, β, γ ∈ C, not all zero:
(47)
The embeddings of Eq. (47) form a basis for the classification of abelian extensions of D 6 into E 7 , up to equivalence, described in Theorem 7.7. We first present a useful lemma. Lemma 7.6. Let ρ be an automorphism of E 7 which fixes X i , Y i , and
Proof. Let ρ : E 7 → E 7 be an automorphism of E 7 which fixes X i , Y i , and H i for 2 ≤ i ≤ 7. A highest weight vector of E 7 must be sent to a highest weight vector of E 7 of equal weight with respect to the adjoint action of ϕ 6 (D 6 ). Hence, referring to Eq. (23),
Computation shows that there exists a sequence a 1 , a 2 , ..., a k , where 2 ≤ a i ≤ 7 for each i, such that (49) and (50), together with the fact that ρ( (49) and (51) 
Note that 
Any embedding of D 6 C into E 7 is equivalent to ϕ 6 0,(α,β,γ) or ̺ 6 0,(α,β,γ) for some α, β, γ ∈ C, not all zero. For α, β, γ ∈ C, not all zero, the embeddings are classified according to the following rules:
Proof. Let ϕ 6 0,(α,β,γ) ∼ ϕ 6 0,(α ′ ,β ′ ,γ ′ ) , and let ρ be an automorphism of
Eq. (56) implies
Eq. (56) implies that ρ fixes X i , Y i , and H i for 2 ≤ i ≤ 7. Hence Lemma 7.6 implies (58)
for some a, b, c, d ∈ C such that ac − bd = 1. Hence, Eqs. (57) and (58) 
We now prove the opposite implication of item (b). Let ρ : E 7 → E 7 be the (inner) automorphism of E 7 that fixes X i , Y i , and H i for 2 ≤ i ≤ 7, and (59) (62)
The embeddings of (62) form the basis of the classification of abelian extension of D 5 into E 6 , up to equivalence, in Theorem 7.10. We first prove two useful lemmas.
Proof. Define an inner automorphism ρ : E 6 → E 6 as follows:
where 2 ≤ i ≤ 6. We then have
Since ϕ Proof. Let ϕ 5 0,α ∼ ϕ 5 0,β , and let ρ be an automorphism of E 6 such that
Since ρ is a Lie algebra homomorphism, and ρ(H i ) = H i for 2 ≤ i ≤ 6, we also have
Eqs. (66) and (67) then yield
The automorphism must send highest weight vectors, with respect to the adjoint action of ϕ 5 (D 5 ), to highest weight vectors of the same weight. Hence, for some γ ∈ C * ,
Considering Eqs. (68) and (69),
Since ρ is a Lie algebra homomorphism, Eq. (70) implies Table 3 .
Proof. The only abelian extensions of D 5 that may be embedded into 
As an application of the above classification, we also consider the irreducible representations of E n+1 restricted to D n V , for each abelian extension and each embedding. The results are summarized in Theorem 8.1 and Examples 8.2 to 8.4 below.
Theorem 8.1. Any irreducible representation of E 6 restricts to an indecomposable representation of
Proof. The theorem follows immediately from the observation that the image of D 5 V D 5 (λ 4 ) or D 5 V D 5 (λ 5 ) under any embedding into E 6 , all of which were identified in Theorem 7.10, contains all positive or all negative root vectors of E 6 (see for instance [5] ); thus its proof is omitted.
The following three examples show that for every case other than the two considered in Theorem 8.1, an irreducible representation of E n+1 may decompose when restricted to an abelian extension D n V , under any embedding. C, with respect to any embedding. Similarly, the adjoint representation of E 8 decomposes when restricted to D 7 C, with respect to any embedding. In each case, the decomposition with respect to D 5 C or D 7 C is the same as the decomposition with respect to the adjoint action of the image of D 5 or D 7 , respectively.
The reason for this decomposition is that the highest weight vector of C, with respect to the adjoint action of the image of D 5 or D 7 , is an element of a Cartan subalgebra of E 6 or E 8 , respectively (see (29) and (30) or (14), respectively).
More generally, the decomposition of an E 6 or E 8 irrep with respect to D 5 C or D 7 C, respectively, is the same as the decomposition with respect to the restricted action of the image of D 5 or D 7 , respectively. 
Each set of parentheses on the right side of the last equation contains a representation of D 7 C 14 , described in terms of the decomposition of its restriction to D 7 .
Conclusions
We determined all abelian extensions of D n that may be embedded into the exceptional Lie algebra E n+1 , n = 5, 6, and 7. We then classified each of these embeddings, up to equivalence. The classifications are summarized in Theorems 7.4, 7.7, and 7.10.
As an application of the classification, we also considered the irreducible representations of E n+1 restricted to D n V , for each abelian extension and each embedding. Any irreducible representation of E 6 restricts to an indecomposable representation of D 5 V D 5 (λ 4 ) or D 5 V D 5 (λ 5 ) with respect to any embedding. For every other case, an irreducible representation of E n+1 restricted to D n V may decompose. conversation on embeddings of simple Lie algebras into exceptional Lie algebras.
